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Abstract 

Considering the isentropic Euler equations of compressible fluid dy- 
namics with geometric effects included, we establish the existence of en- 
tropy solutions for a large class of initial data. We cover fluid flows in 
a nozzle or in spherical symmetry when the origin r = is included. 
These partial differential equations are hyperbolic, but fail to be strictly 
hyperbolic when the fluid mass density vanishes and vacuum is reached. 
Furthermore, when geometric effects are taken into account, the sup-norm 
of solutions can not be controlled since there exist no invariant regions. 
To overcome these difficulties and to establish an existence theory for so- 
lutions with arbitrarily large amplitude, we search for solutions with finite 
mass and total energy. Our strategy of proof takes advantage of the par- 
ticular structure of the Euler equations, and leads to a versatile framework 
covering general compressible fiuid problems. We establish first higher- 
integrability estimates for the mass density and the total energy. Next, we 
use arguments from the theory of compensated compactness and Young 
measures, extended here to sequences of solutions with finite mass and 
total energy. The third ingredient of the proof is a characterization of the 
unbounded support of entropy admissible Young measures. This requires 
the study of singular products involving measures and principal values. 
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1 Introduction 



We are interested in the existence of entropy solutions to the Euler equations 
for isentropic compressible fluids. Attention in the literature has been so far 
restricted to bounded solutions and, for this reason, current techniques apply 
to one-dimensional equations or to simplified situations with symmetry only. 
Recall that the Euler equations form a hyperbolic system of conservation laws; 
strict hyperbolicity, however, fails when the fluid mass density vanishes and 
vacuum is reached. This major difficulty for the analysis was flrst dealt with by 
DiPerna [TU] using Tartar's method of compensated compactness [22_^. 

When geometric effects are taken into account, the Euler equations are no 
longer in a fully conservative form but consist of two balance laws with variable 
coefficients. It is conceivable that due to the interaction of characteristic waves 
and the geometry of the problem, solutions may become unbounded at isolated 
points. For spherically symmetric flows, for instance, the fluid can converge 
towards the origin and waves can amplify nonlinearly, even if the initial data was 
bounded pointwise. We are not aware of any result showing that pointwise blow- 
up actually does occur. On the other hand, there also seem to exist no method 
to establish boundcdness in full generality. In particular, the Conley-Chuey- 
SmoUer principle of invariant regions does not apply because the equations are 
not in conservative form. Our objective is therefore to investigate the isentropic 
Euler equations within a more general functional class: We will only assume that 
solutions satisfy the natural bounds of finite mass and total energy. The strategy 
we propose leads to a versatile framework covering quite general compressible 
fluid flows. 

We are particularly interested in the case of spherically symmetric flows 
where the origin r = is included in the domain, and of fluid flows in a nozzle. 
Let us quickly recall the equations describing these situations. We will assume 
that the nozzle is characterized by a function A = A{x) > that determines its 
cross section at position x G M. Then the isentropic Euler equations read 

dt{pA)+d,{puA)=0, 

dtipuA) + d^ipu^A) + Ad^P{p) = 0. 

The unknowns of this system are the density p ^ and the velocity u, which are 
functions of the independent variables {t, x) G [0, oo) x R. The pressure P{p) is 
related to the internal energy U (p) by the relation 

P{p) = U'{p)p-U{p) 

for all p ^ 0. We restrict ourselves to polytropic perfect gases, for which 

Uip)^^p-' and Pip)^Kp''. 

Here 7 > 1 is the adiabatic coefficient, and k := 6*^/7 with 6 := {j — l)/2 are 
constants. The case of general pressure laws will be addressed in future work. 
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The first equation in implies that the total mass is conserved, thus 

M[p]:— 1 pAdx is constant in time. (1.2) 

The analogous statement for the momentum puA does not hold because the 
momentum equation in general does not admit a conservative form. 

For spherically symmetric flows in R*^, we have again equations (jl.ip with 

A{x) := ujax"^"^ for all x £ (0, oo). 

The constant > denotes the volume of the unit sphere in R''. Here the 
unknowns (p, m) are defined for {t^x) G [0,co) x (0,00) and 



M[p] := 




pA dx is constant in time. 



In the following, we will cover both cases simultaneously by considering the 
equations (jl.ip with A a continuously difFerentiable function and 



nozzle flow case 


n-.^R A:R — >[AA] 


spherical symmetry 


r2:=(0,oo) A{x):^x" 



Here, A< A and a are positive constants. We also require that 

{d,A)^eL^nL^{n), (1.4) 

where (&)_ :— — min{6, 0} for all 6 e R. We refer the reader to Sections 12. 21 and 
12. 51 for further explanation. Note that in the case of spherically symmetric flows 
(|1.4p is trivially satisfied since then A is strictly increasing. We also emphasize 
that for nozzle fiows our arguments can be adapted to work if assumption (|1.4p 
is satisfied for the positive part {dxA)+ instead. This is natural since otherwise 
one direction would be favored, which would be unphysical. 

It is easy to check that every smooth solution of (jl.ip admits an additional 
conservation law for the total energy of the fluid 

at((ipu2 + C/(p))A) +dx(^{}pu^ + Q{p))uA^ =0, (1.5) 

where Q{p) '■= U'{p)p. The observation made earlier for the mass equation 
applies again: the total energy associated with smooth solutions of (jl.ip is 
constant in time. For weak solutions this equation should not be imposed as an 
equality but as an inequality. In turn, it is natural to require that for physically 
relevant weak solutions of (jl.ip . the total energy 

E[p,u]:= / (^^ pu^ + U (p)^ A dx is nonincreasing in time. (1-6) 
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Our primary interest is about the Cauchy problem, so we impose the condi- 
tion 

p — p, pu='pu on {< = 0} X il, (1.7) 
where (p, u) is given initial data with finite mass and total energy: 

M[p]-.Id, E[p,u]^:E, withM,;E<oo. (1.8) 

The selection of physically relevant solutions is based on a family of entropy 
inequalities, which are defined as follows. For s G ffi. and (p,u) G [0, oo) x R 
introduce the entropy /entropy- flux kernels 

X{s\p,u) (p^'^-is-urV , 

^ ^+ (1.9) 

a{s\p,u) := (es + (1 - e)ujx{s\p,u), 

where A := (3 - 7)/2(7 - 1) and (6)+ max{fe, 0} for aU 6 G M. Observe that 

1 \ ( P P"^ 



(x{s\p,u),a{s\p,u)) ds = \ pu pu"^ + P{p) 

s'l ^ \hpu^ + U{p) {\pu^ + Q{p)y 



which connects the Euler equations and the entropy /entropy-flux kernels. 

We will say that a function ip € C"^ (M) is an admissible weight function if 
it is convex and has subquadratic growth at infinity. For all admissible weight 
functions ip we can introduce the entropy/entropy- flux pair 

{jU{P:u),q^{p,u)j -.^ J i){s) (xis\p,u),a{s\p,u)j ds, (1.10) 

and we impose the entropy inequalities 

(^t('7v(P'")^) + dx{q4,{p,u)Aj + i^pu r]^^p{p,u) - q^{p,u)j{dxA) ^ (1.11) 

in the distribution sense. We use the notation g.p :— dpg for all functions g. 

Definition 1.1. Let {j},u) he given initial data with finite mass and total energy. 

A pair of measurable functions {p,u) : [0,cx3) x > [0, cxd) x R is called an 

entropy solution with finite mass and energy (or a finite energy solution, for 
short) to the Cauchy problem (jl.ip & (jl.7p if the following is true: 

1. The total mass is conserved in time: for almost every (a.e.) t 

M[p]{t)=ld. 

2. The total energy is hounded in time: for a.e. t 

E[p,u]{t) s^E. 
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3. The entropy inequalities (jl.lip are satisfied in the distribution sense for 
all admissible weight functions ^. 

4-. The initial data {j},u) is attained in the distribution sense. 

Clearly, the balance laws (|l.ip follow from the entropy inequality, by choosing 
to be constant or linear. Here is our main result: 

Theorem 1.2 (Global Existence). Consider the isentropic Euler equations (|l.ip 
for a polytropic perfect gas with adiabatic coefficient 7 G (1, 5/3]. Let the geom- 
etry be specified by (jl.3p & (II. 4p . where A < A and a are positive constants. 
Then, for any initial data (j},u) with finite mass and total energy, the Cauchy 
problem & (|1.7[) admits a finite energy solution {p,u). 

As we will show below, finite energy solutions have nonincreasing total en- 
ergy, so (II. 6|) holds. But our estimates are not strong enough to conclude that 
also a local energy balance is satisfied (see Section [^31 for further details). This 
is the reason why only -0 with subquadratic growth are considered here. The 
local energy inequality can be recovered if we impose higher-integrability for the 
initial data, as we will discuss in a follow-up paper. 

In the planar case, for which A is constant, the existence of bounded entropy 
solutions arising from bounded initial data was first studied in pioneering work 
by DiPerna fTU]. His result was generalized in [ll|Sl|Sl[ni[inilI2[I3- Existence 
of bounded solutions for the case of spherically symmetric and nozzle flows were 
considered by Glinim and Chen [3] . To avoid the difficulty of spherically sym- 
metric solutions becoming potentially unbounded, they constructed solutions 
outside a ball around the origin only. A criterion for existence of bounded so- 
lutions in the whole space (including the origin) was found by Chen [3]: The 
inflow of the fluid towards the origin must be below a certain threshold. 

Our strategy to establish Theorem 11.21 consists of two parts. In Scction[2]we 
first establish the existence of measure- valued entropy solutions: We consider 
a sequence of bounded approximate solutions (p",u"), obtained by suitably 
truncating the unbounded initial data (p, u) and then using the existence results 
of [4] . We then prove the first key observation that the approximate density p" 
enjoys higher-integrability in space-time, i.e., we have 

jO" e L'^^^^ {[Q,oo) X 17) uniformly in n. 

This fact is established by a commutator estimate, following a strategy that 
was already used in [7] in the context of scalar conservation laws. A similar 
estimate was also derived in [13]. The second key observation made in Section [2] 
is that also the total energy u" ] enjoys a higher integrability. The proof 

is based on a bound for the entropy-flux, following the arguments in [151 116] . 
An alternative proof, which works for the planar case only, is given in the 
Appendix. It relies on "propagation of equi-integrability" for the total energy. 
The particular form of the Euler equations and the freedom in choosing the 
weight function ij) in the definition of the entropy is essential here. 
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In Section [3] we further analyze the structure of the measure- valued solution. 
We show that the associated Young measure i'{t,x) is concentrated at a single 
point for almost every (f, x) and therefore conclude that the measure-valued 
solution is actually a weak solution. This proves Theorem 11.21 To achieve the 
Young measure reduction, we first apply compensated compactness theory (see 
Tartar [22] ) and derive the well-known div-curl-commutator relation. Then we 
determine the support of the Young measure in the (p, M)-plane, for which we 
must study singular products of distributions. Since we do not require pointwise 
bounds on the solutions, we must also deal with the difficulty that the support 
of the Young measure might be unbounded. 

In the following, we denote by C''(B) the space of A;-times continuously 
differentiable functions, for suitable subsets B C . If = 0, then we simply 
write C{B) := C^{B). We denote by Ch{B) the space of bounded continuous 
functions, whereas Cq{B) is the closure of T>{B) with respect to the sup-norm. 
Here, 'D{B) is the space of smooth functions with compact support. The symbol 
C"(i?) with a G (0, 1) is used for Holder continuous functions. 

2 Weak convergence and measure-valued solu- 
tions 

In this section, we first construct a sequence of approximate solutions 
to the isentropic Euler equations. These functions are entropy solutions gen- 
erated by compactly supported bounded initial data. We then show the weak 
convergence of approximate solutions to a measure- valued solution. 

2.1 Finite energy approximate solutions 

In the spherically symmetric case, we need to remove the singularity at the 
origin. We therefore introduce the modified geometry function 

+ (2.1) 

which converges uniformly to A[x) = x"^ as n —f oo. The Cauchy problem 
associated to the function A" is equivalent to a problem posed in the exterior of 
a ball of radius 1/n, for which existence of bounded entropy solution was shown 
in [3]. In the case of nozzle flows we simply put ^" := A for all n. Again we can 
use [3]. Let M"[-] and E"[-] denote the functional defined in ([112]) and (fTTB)) . 
with A replaced by A". Given initial data (p,u) with p ^ 0, we now consider a 
sequence of measurable functions (p", u") with p" ^ that 

1. are bounded and compactly supported in the closure f2; 

2. converge in measure: 

lim(p",^l") = (p,Tl); (2.2) 
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3. have finite total mass M: 

Af"[p"]=M for all n; (2.3) 

4. have uniformly bounded total energy converging to E: 

sup£;"[p",It"] s$ 2E, lim =;E. (2.4) 

^ n — ^oo 

Clearly, it is possible to choose an approximating sequence (p",?I") with the 
above properties, by first truncating and mollifying the initial data {jj,u) and 
then multiplying the density by a suitable constant to enforce (12.31) . 

Next, let {p",u") be a sequence of entropy solutions of (jl.ip corresponding 
to the sequence of initial data {p'^,u"). They have the following properties: 

1. For any n the entropy solution {p",u") is bounded in L°°([0, oo) x il) and 
has compact support in space for all times t ^ 0. 

2. The total mass is conserved in time: for a.e. t 

M"[p"](t) = M"[p"]. (2.5) 

3. The total energy is nonincreasing in time: for a.e. t 

S"[/)",u"](t) < (2.6) 

We will refer to a sequence of functions (p", u") satisfying the above conditions 
as a sequence of finite energy approximate solutions of the Euler equations. 

Our objective is to establish the strong pre-compactness of (/5",m"). To 
achieve this, we first derive a higher-intcgrability property satisfied by the den- 
sity p" uniformly in n. This will allow us to introduce a Young measure repre- 
sentation for the limits of nonlinear functions of (p",u"). 

2.2 Higher integrability of the mass density variable 

We claim that for every n there exists a function ft," : [0, oo) x Cl — > R that 

1. has distributional derivatives 

9t/i" = d^h" = p-'A""- (2.7) 

2. can be normalized so that 

^ ft" ^ M. (2.8) 
In the spherically symmetric case, we may assume ft(i, 0) = for all t. 



7 



Note first that a function /i" satisfying (|2.7p always exists since the conservation 
law for p precisely says that the mixed second derivatives of /i" commute. We 
see that for almost every t ^ 0, the map x i— s- h"-{t,x) is absolutely continuous 
and nondecreasing because the function is nonnegative. 

Consider first the case of a nozzle, for which $7 = R. Since the total mass is 
preserved we conclude that for a.e. t ^ we have the identity 

\im h'\t,x)^ lim h'\t,x)^M. (2.9) 

X — >OC X — > — oo 

On the other hand, since for all fixed t the functions (p", u"){t, •) are compactly 
supported in R the first identity in (|2.7p implies that 

lim h'\t,x) ^ lim /i"(0,a;) 

X — ^ — oo X — > — oo 

for a.e. t^O. Normalizing h" such that lima;_>_oo h^{Q,x) — 0, we get (|2.8p . 
Consider next the spherically symmetric case, for which Q = (0,cxd). Then 

lim h"{t, x) - lim h"{t, x) = M (2.10) 

X — >oo X — ^0 

for a.e. t ^ 0. Since the momentum p"u"A" vanishes at a; = 0, the first identity 
in (|2.7p implies that for a.e. t we obtain again 

lim h'^(t,x) = lim /i"(0,a;). 

x^O x^O 

Normalizing ft," such that lim-c^o ft"(0; ^) ^ 0; "^"^ again obtain (j2.8p . 

Proposition 2.1 (Higher integrability). Let (p",m") 6e the finite energy ap- 
proximate solutions constructed in Subsection \2.1[ with geometry given by (|1.3p 
& (|1.4p . For any T > there exists a constant C > such that 

sup / / {p'^y+^A^ dxdt s$ C. 
n JJ[a,T]xn 

Proof. To simplify notation, we assume that in the spherically symmetric 
case all functions are extended by zero for x < Q. Recall that we may assume 
the boundary condition /i"(t, 0) = for all t. Then (HT]) holds in [0, oo) x M. 

Step 1. We will prove that /i" is locally Holder continuous in both variables, 
with constants that are bounded uniformly in n. The equi-continuity of /i" in 
space follows easily from (|2.6p and (|2.7p : Let X C M be some compact subset. 
For all points xi, X2 (z K we can then estimate 

ess sup |/i"(t, X2) - h'"-{t, xi)\ 

pX2 

ess sup / dx 

t^O Jxi 

\(7-i)/7 



s$ ess sup f / \p")^A''dx 







n 
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The first factor can be estimated by (|2.6p and (|2.4p . We find 



ess sup X2) - h"{t, xi)\ ^ Ci\x2 - xi\ 



(7-l)/7 



(2.11) 



with Ci > some constant depending on E and || A||^oo(j^;) (recall (|2.ip ). 

To prove the equi-continuity in time we first fix a molhfier tps with the 
standard properties (ps > 0, J ips dx — 1, and spt ips C (—(5,(5). The parameter 
6 > will be chosen later on. We then deduce from (|2.1ip that for all x G K 



ess sup [ / ips{x-y)h'^{t,y)dy]-h^{t,x) 
<Ci / ^s{x-y)\x-y\''-''~^^/''dy 

JR 

< Ci(5('^~i'/'^. 

For any ii, t2 ^ and a; G M we therefore obtain 
|/i"(t2,a;)-/z"(ti,x)| 

' M^-y) {h^{t2,y)-h"{tuy)) dy 



^ 2Ci(5('^^i)/'^ + 
^ 2Ci5('^-i)/'^ + 



^5(2: -2/) {pV){t,y)A^{y)dydt 



(2.12) 



Now note that the energy bound (|2.6p implies the estimate 



ess sup / 



< ess sup ( / (p^ yA'^dx 



1/(7+1) 



p"(M")2A"da; 



7/(7+1) 



(2.13) 



with C2 > some constant depending on (|2.4p . Using this in (|2.12p and opti- 
mizing in (5, we arrive at the following estimate: for any ti,t2 ^ 

ess sup I /i" (^2 , a:) - ^" (i 1 , 2:) I 

<; 2Ci(5(^-i)/^ + c(^+'^/'^||^|U=.(«)(5-(^+i)/2^|ii - i2| 

for some constant C3 > 0. This establishes the first part of the proposition. 

Step 2. Let (p^ be a standard moUifier in and, after extending h" by 
zero to all of M^, define the smooth function := -kip^. Then the following 
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identity is true in the distribution sense in [0, oo) x R: 

9t(p"u"^" /i^) + /i^) + A"a^(p(p") /i^) (2.14) 

|9t(p"u"v4") + + ^"c),P(p")| /i^' (2.15) 

(^t/i^) + (p"(u")2 + P(p"))A" (a,/i^') j. (2.16) 



The first term on the right-hand side vanishes in view of the momentum con- 
servation law satisfied by (/9",m"). As e — + 0, we have ft," — + ft" uniformly on 
compact sets because ft" is equi-continuous by Proposition [^Hl 

On the other hand, we have 9f ft" dth^^ and dxh^ d^h" in Ll^^^O, oo) x 
M). By boundedness of (p", u") and (|2.7p . we find that in distributional sense 

P(p")p"(A")2 =at(p"u"A" ft") +a^((p"(u")2-f P(p"))A" ft") 

- ft"P(p") (9,A"). (2.17) 

We test (I2.17P against a monotone sequence of functions G 2?([0,oo) x ft) 
with < Cfc =^ 1 and (k l[o,T]xn for some T > 0. Note that (|2.6p implies 

ess sup / |p"M"|yl" 

< ess sup ( [ p"A"dx) ^ f / p"(u")2^"da;) ^ , 

which can be estimated against V2ME. Since (p",u") has compact support in 
X and since ft" ^ is uniformly bounded by M, we obtain that for all n 



{p'y+^{A''f dxdt ^ 2M V2ME + T ME\\{^x.A)-\\L^^^y (2.18) 

[0,T]xO 

For the spherically symmetric case we used the fact that ft" vanishes at the 
origin, so the ^-derivative on the left-hand side of (|2.17p does not contribute. 
We have dxA^ — > dxA because of (j2.ip and {dxA)^ = 0. Therefore the second 
term in the estimate p.lSp vanishes in that case. Finally, note that A ^ A" 
for all n, which proves the proposition in the case of spherical symmetry. For 
nozzle flows we defined A" := A for all n, so there is nothing more to prove. 
Note that by normalizing the function ft" such that —M ^ ft" ^ 0, we can also 
obtain (|2.18p with (dxA)- replaced by the positive part of the gradient. □ 
Note that for any compact subset K C [0, oo) x H. the function A^ can be 
estimated uniformly from above and below. In view of ()1.3|) this is obvious for 
the nozzle flow case. For the case of spherically symmetric flows, observe that 
the compact set K is bounded away from the origin because f2 — (0, oo) is an 
open set. Proposition 12. II therefore implies that 

/o" e L'^^^{[0,oo) X 17) uniformly in n. 
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2.3 Young measures based on energy bounds 

It will be convenient to work with the Riemann invariants (z, z) associated with 
(jl.ip . rather than with the physical variables {p,u). For simplicity of notation, 
we will consistently denote pairs of numbers such as (z, z) by the corresponding 
bold symbol z := (z, z). Wc have 

z{p,u) =u + p'^, z{p,u) = u- p\ (2.19) 

which is equivalent to 

z — z\ , ^ z + z 

P{^) = \-^) ' ^ (2.20) 

We consider entropies/entropy- fluxes as functions of (p, m) or z, respectively. 

We now define H := {a & 'E? : a > a}, and we will tacitly assume that all 
functions in ^{H) or Cq{H) are extended by zero to the closure H ^ if necessary. 
Consider then the following space of bounded continuous functions 

C{H) I e C{H) : the function Lp is constant in {a e ; a = a} and 

the map ^ lim V3(sa)j belongs to C{S^ n H) L 

where C M.'^ denotes the sphere. This space allows us to deal with the two 
difhculties of the problem under consideration: at the vacuum and in the large. 
Observe that C{H) has a ring structure and is complete with respect to the 
sup-norm. Therefore, there exists a compactification H oi H such that C{H) is 
isomorphic to the space C{'H). We refer the reader to [Illdn]- For simplicity, 
we will not distinguish between functions in C{H) and in C{7i). 

The topology of H is the weak-* topology induced by C(7Y): the sequence 
of points a„ e ?i converges to a S 7i as n ^ oo if and only if 

lim <p(a„) = (p{a) for all p E C{7i,). 

n — >oo 

In H C H this weak-* topology is consistent with the Euclidean topology, and 
thus ii, is separable. Moreover, the space is metrizable since C{H) is separable 
and separates points in H (see Proposition 1.5.3 of [H] and Section 3.8 of [20]). 
On the other hand, we emphasize the fact that the topology above does not 
distinguish points in the compactification of the diagonal {a e : a = a}. 
In that sense, all points in the vacuum are equivalent. We denote by V the 
compactification of {a £ : a = a}, and we define Ti, := H U V . 
We need the following result (see Theorem 2.4 of [1]). 

Theorem 2.2 (Young measures). Given any sequence of measurable functions 
z" : [0, oo) X — > there exists a subsequence (still labeled z"^ ) and a function 
V G L^([0, oo) xfi, Prob(7i)) (thatis, aweakly-k measurable map from [0,c»)xr2 
into the space of probability measures on Ti. ), such that 

(p{z"-) — ^ / Lp{a)v{da) weakly-k in i°°([0, oo) x il) for all ip G C(7i). 
Jn 
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The functions 2;" converge in measure to z: [0,oo) x fl Ti. if and only if 
V{t,x) = Sz(t,x) for a.e. {t,x). 

We will use Young measures to represent limits of certain nonlinear functions 
of (2;") that may be unbounded. Let us introduce the weight function 

W{a) := 1 + /9(a)'^+i for all a e . 

Proposition 2.3. Consider the sequence of Riemann invariants (2;") associ- 
ated with the sequence of finite energy approximate solutions of Suhsec- 
tion \2.1\ Let v he a Young measure generated by (a subsequence of) (2"). Then 
for almost every {t, x) G [0, 00) x £7 we have that 

U(t,^) e Prob(7i), / W{a)v^^t,x){da) < 00. (2.21) 
Jn 

For any ip = ip^W with (po G Cq{H) it holds 

ip{z"^) — - (^) / p{a)i^{da) weakly in ij„^([0,cx)) x n) . (2.22) 
Jn 

Remark 2.4. The first statement in (j2.2ip means that i'(t,x) is supported in 
H yjV only instead of Ti. Note that in (I2.22p we consider local convergence 
in the open set n. For the spherically symmetric case, this means convergence 
away from the origin. A slightly more precise statement is 

<p(2")(A")2 — ^ (ip)A^ weakly m LJ„^([0,oo) x Cl) 

for all ip — ipf)W with (pf) G Co{H). Recall that A" converges uniformly to A. 

Proof. We proceed in three steps. 

Step 1. Let Br{0) be the closed ball with radius r. Fix a radial test function 
tp G C(i?) withO s; ^ ^ 1, such that ^ = 1 ini?nBi(0) and = for iJ\B2(0). 
Let ipR := ifi'/R) and $^ := 1 - ipR for all i? > 0. Choose G C{S^ n H) with 
^ ^ 1 and compactly supported in HH, and extend </> as a homogeneous 
function of degree zero to H \ {0}. Then G C{H), so it can be identified 
with a function in C{'H). Now Theorem 12.21 applies, and we obtain that for any 
compact set if c [0, 00) X f2 

s; sup|{z" - z" ^ c^R} n K\, 

n 

where the constant > depends on the support of (f). Hence, we get 



(a)$i^(a) V(^t,x){da) dxdt 



K \Jh 

^ c i(7+i)/e ^'^P W{z'^)dxdt-^Q asi?^oo. 



1+m 



n J JK 
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Note that W{z'^) is uniformly bounded in L^{K) because of Proposition 12.11 
and our assumptions on A" and K. Since and K were arbitrary, we conclude 
that V is supported in H and the vacuum, thus i^(t,x) G Prob(7i) a.e. 

Step 2. Consider a monotone sequence of (pk G T^{H) with ^ 0a; ^ 1 and 
ijifc — *■ 1 pointwise as fc — > oo. For any K C [0, oo) x R compact we have 



{W) dx dt = hm / / {(j)kW) dx dt, 



K 



K 



by monotone convergence. On the other hand. Theorem 12.21 vields 



{(t)kW) dxdt 



lim 

n — >oo 



(i)k{z'')W{z'')dxdt 



K 



^ sup 



W{z'')dxdt, 



K 



which is finite by Proposition [511] and by choice of A" and K. 

Step 3. Let now tp^ G Co{H) and choose a sequence of functions ipk G 
with ^ fo in the sup- norm as fc — > cxd. For any K C [0, oo) x compact 
and C £ Cb([0,oo) x ft) and by setting ip = foW, we can then estimate 



K 



{ip)Cdxdt- // ip{z'')C dx dt 



K 



\Wk-ML^(H)\\C,\\L^^(K){ 1 1 {W)dxdt + snv ff W{z'')dxdt 

\JJk n JJk 



{ipkW)Cdxdt- 



K 



ipk{z'')W{z'')Cdxdt 



K 



as fc, n — > oo. 



Indeed, the first term on the right-hand side vanishes as fc — > oo, by choice of 
(fik and in view of Step 2 and Proposition [2TlJ The second term vanishes for any 
fixed fc as n ^ oo , by Theorem 12.21 This completes the proof. □ 



2.4 Measure-valued solutions 

Recall first that in the seminal work [15] the authors introduced the kinetic 
formulation for the isentropic Euler equations. They showed that for bounded 
entropy solutions, the requirement that the inequality (jl.lll) holds for a suf- 
ficiently large class of admissible weight functions tJj, can be reformulated in 
terms of a single kinetic equation with suitable source term. This result can be 
generalized to the isentropic Euler equations with geometric effect as follows: 
Let (Xj c) be the entropy/entropy-flux kernels introduced in p.9|) . Then the 
pair of functions (p, u) is a finite energy solution of (|1.1|1 & ()1.7p if and only if 
there exists a nonnegative bounded measure fi depending on {t, x) e [0, oo) x J7 
and s S R such that in the distribution sense in ([0, oo) x 51) x R we have 

dt(xi-\p,u)A^ +9,(ct(-|p,u)a) + (pux,p(-|p,")-fT(-|p,u))(a,A) 

= -d'siM- (2.23) 
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Recall that a finite energy solution satisfies the entropy inequality (jl.lip for a 
large class of convex weights tp. The proof of this kinetic formulation follows 
closely the one given in for the planar case (see also [TB] for spherically 
symmetric flows), and we refer the reader to the literature for further details. 
The measure fj, captures the entropy dissipation. It can be bounded as 

A{x) n{ds,dx,dt) !^ / (^^pE^ + U{p)jAdx. (2.24) 



[0,00) xJ2 

A similar kinetic formulation can be derived for the sequence of finite energy 
approximate solutions (p",u") constructed in Section [2TT] 

We are going to show now that a suitable subsequence of (p" , w") converges 
to a measure- valued solution of the isentropic Euler equations. In slight abuse 
of notation, we will occasionally consider the entropy/entropy-flux kernels (x, cr) 
as functions of the Riemann invariants z instead of (p, u) : We write 

X{s\z) := ((7-,s)(,s-i))', 

for s e R, which is consistent with (fO)l (see (I2.19P ). 
We need the following two observations. 

Lemma 2.5. Assume that the sequence (/?",?/") of finite energy approximations 
constructed in Section \2.1\ generates a Young measure v as explained in Propo- 
sition [273[ Let {z^) he the Riemann invariants associated with {p"',u"'). For 
any -0 S I'(R), the pair {r]tp,qip) defined by (|1.10|) then satisfies 

""""fj, ^ weakly ^n LlX\[0,oo) x n) . (2.25) 

We also have 

(pu r]^,p){z"-) — ^ {pu ri^^p) weakly in ifo^([0,oo) x Vt) . (2.26) 

Moreover, if rj^i is defined as in (jl.lOp for some ip' € ^'(K), then 

r]i,{z'')'q^,{z") {rUT]^') . 

weakly m Li^^[[0, 00) X n). 

q^z )T]^'{z ) — ^ {q^Vr) 
Proof. A straightforward change of variables shows that 77^ is given by 

r,^,{a) = p{a) j v(u(a) + tp{af^ (1 - t^f dt, (2.27) 

so clearly a i-^ '7i/>(£i) is a continuous function. Suppose that the support spt-^ 
of the function tp is included in an interval [c, c] . Then we have 




, for a — a small, 
|,,(a)KCl,,,,,l,,,,j^-J,,, for.-^large, ^''''^ 
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with C > a constant depending on ip and A. Indeed, note that A > for 
7 G (1,3), which impUes that the map t {1 — t^)^ is integrable on [—1,1]. 
The behavior for small a — a then follows immediately. For large a — a, the s- 
integral in ()2.27|) is restricted to an interval of length (c— c)/p(a)^. This implies 
that the integral in ()2.27|) is bounded above by a constant times 1/ p{aY . Since 
\ — — 2X6, the asymptotic behavior in (|2.28p follows. We conclude that 

r]^W~^ e Co{H) and tj^tj^>W-^ G Co{H) 

(since 4X6 <7 + lif7>l), and by Proposition [231 

, „ ^ weakly in LL([0,oo)xf]). (2.29) 

%(2;")?7^'(2;") — ^ {vi,v^') 

We also have \r]^{a)\''^^ < CW{a) for all a S and some constant C > 0. 
Therefore (|2.29p can be improved to (|2.25p . in view of Proposition 12. II 
For we can argue in a similar way, using the bound 

\q^{a)\ ^ max (|a|, \a\) |%(a)| 

(^max{|c|,|c|} + (a-a)) |77^(a)| for all a e iJ. (2.30) 

We have q^W'^ e Ca{H) and q4,ri^'W-^ G Co(i?) (since (4A + 1)61 < 7 + 1), 
and |g^(a)p+^ ^ CW{a) for all a E H and some constant C > 0. 
The statement in (|2.26p follows analogously. We use the identity 

{puVi^,p)ia) = u{a} / 'tp{s)x{s\a) ds 

JR 

+ 9u{a) / ^'{s)[s — u{a)^x{-^\0') ds, 

JR 

and then proceed as in (fOO]) . Note that 2(A + 1)9 = (7 + l)/2. □ 
We now establish strong convergence of the approximate initial data. 

Lemma 2.6. For any smooth weight function with at most quadratic growth 
at infinity, let the entropy 77^ be defined by (jl.lOp . Then we have 

V->P (p" , ) > Vi^ {P, u) strongly in Ll^^i^) ■ 

Proof. By assumption (|2.2p . we have {'p",u") — > (p, u) in measure. It 
therefore suffices to show equi-integrability of r^^ijf^ ,u^) locally. We choose a 
function E I?(M) with ^ (/? ^ 1, such that (p(s) = 1 for \s\ ^ 1 and ip{s) — 
for \s\ ^ 2. Define (pR := ip{-/R) and := 1 — ipu, and fix some K C 
compact. We will show that for all e > there exist numbers N,R > with 

sup// s^^R{s)x{s\z'')dsdx ^e. (2.31) 
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Indeed, we can decompose 

// s^^Ris)x{s\z^)dsdx 

J JkxR 

// s'^x{s\z"')dsdx - s'^x{s\z)dsdx 
^JJkxm JJkxs. 



Kxl 



^(pR{s)x{s\z'')dsdx- 



s'^'PRis)xis\z)ds dx 



KxR 



+ 11 s^(^ii{s)x{s\z)dsdx. 

J JkxR 

Since x{s\z) £ L^{K x M) there exists R> such that 
// s'^<i>R{s)xis\z)dsdx e/3. 

J JkxR 

Moreover, we can find iVi > such that 



(2.32) 



sup 



// s'^x{s\z"')dsdx - s'^x{s\z)dsdx 
JJkxr JJkxwl 



<e/3. 



by assumption (|2.4p of convergence of the initial total energies. For the remain- 
ing term on the right-hand side of (j2.32p . we define the function 

r]B,{a) -.^ / s'^^pR{s)x{s\a)ds ioraeH, 

which is continuous and can be estimated as in (|2.28p . Therefore 



VB.{a) s; Cr(1 + p{a 



\20X 



for all a & H, 



with Cr > some constant. 

Note that 7 > 1 imphes 29X < 7, so the sequence {i]r{'z^)) is equi-integrable 
because of (|2.6p . Since 'z" — > 'z in measure by assumption (|2.2p , we have 



Vr{z'') — > t1r{z) strongly in L^(K). 
Therefore there exists a number N2 > with 



sup 



s^ipR{s)x{s\z"')dsdx ■ 



KxVL 



s^LPR{s)x{s\z)dsdx 



Kxl 



<e/3. 



Combining all estimates, we obtain (|2.31|) with N :— max(iVi, N2)- □ 
Since the finite energy approximations {p^,u^^) are themselves entropy so- 
lutions of the isentropic Euler equations, we can use the kinetic formulation, 
which implies the existence of nonnegative measures /i" such that 

V'"(s)^'V"(ds,-) in2?'([0,(X)) X O), (2.33) 
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for all test functfons tp G I'(R). We also have r]^{z^{Q,-)) = r]^{z") in the 
distribution sense. Since the measures /i" are uniformly bounded: 



sC 'IE for aU n (2.34) 
(see p.4p ). we obtain that along a suitable subsequence (still denoted by ^") 
j^n^n — weak-* in m(^([0,cx)) X f]) X 

Recall that A" converges uniformly to A, by construction. After extracting an- 
other subsequence if necessary, we may also assume that the sequence (p",m") 
generates a Young measure v as introduced in Proposition 12.31 Using Lem- 
mas 12.51 & 12.61 we can then pass to the limit in equation (|2.33p and obtain 

(9t((77V,)A) +(9a=((g^)A) T]^,,p~q^){d^A) J i;"{s)Ati{ds,-), 

{T^^,){0,-)^V4,iz) (2.35) 

in X''([0,oo) X J7) for all test functions ip £ I?(R). In this sense, the Young 
measure is a measure- valued solution of the isentropic Euler equations p.ip . In 
the next subsection we are going to show that (|2.35p extends to weight functions 
tp that have subquadratic growth at infinity. This will in particular imply that 
the initial data (p, u) is attained in the distribution sense. 

2.5 Equi-integrability of the energy 

Here is an extension of Lemma 12.51 



Proposition 2.7 (Higher integrability of the energy). Assume that the sequence 
(/3",m") of finite energy approximations constructed in Section \2.1\ generates a 
Young measure v as explained in Proposition \ 2.3l Consider the sequence (jz") 
of Riemann invariants associated with (p", u"). For any weight £ C^(R) with 
subcubic growth at infinity, we then obtain 

r/^(2")yl" — weakly m LI^{[0, oo) x . (2.36) 

Moreover, if -0 has subquadratic growth at infinity, then 

q^iz^A'' ^ {q4,)A . 

weakly m Li^^{[0,oo) xil). (2.37) 

{pur]ji,^p){z'')A^ — ^{puri^^p)A 

Proposition 12 . 71 shows that in (|2.35p we can allow weight functions ip that do 
not have compact support, but grow subquadratically at infinity. In particular, 
we can choose ip{s) = 1 or ip^s) = s, and obtain the analogue of the continuity 
and momentum equation in (|l.ip for the measure-valued solution v. 

The following lemma is a generalization of results from [HI [16] . 
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Lemma 2.8. Let (p"-,u") be the sequence of finite energy approximations from 
Section \2. 1[ Then there exists a constant C > such that for all T > 



sup ess sup I A"(y) / (p"\u"\^ + {t, y) 

n yen I "'[o,T] ^ ^ 



dt> s^C. 



(2.38) 



Proof. As explained at the beginning of Section [^Hl for any n there exists a 
nonnegative measure such that in the distribution sense 

dt[x{-\p'\u-)A'^)+d,[a{-\p'\unA-) 

+ (pV x,p(-|p",ii")-^(-|p",ii"))aA") = (2.39) 

We now integrate (|2.39p against the function 

-'-[OjT] X [y,oo) 

{t,x)i^{s) 

with ipi^) •= ^sjsl for s e R. Using a standard approximation argument, we 
obtain that for almost every T g [0, oo) and y G f2 



^"(2/) / g^(p",u")(t,y)dt 



+ 



?7^(p",u")(T,a;)A"(a;)da;- / ?7^(/9", u")(0, x)A"(2;) da; 

y,oo) Jlv.oc) 

w,p(p",w") - g^(p",u"))(t,a;)(9,A")(x)dx(it 



[0,T]x[a,oo) 



sign(s)A"(x) n"{ds, dx, dt). 



'[0,T]x[y,( 

As usual, the entropy/entropy-flux pair {r]^,q^) is defined by (|1.10p . Now 



(2.40) 



[0,T]x[y,oo) 



sign(s)A"(a;) ^"(ds, dx, di) 



2E 



for all n because of (I2.34p . Moreover, since for all finite energy approximations 
the total energy is nonincrcasing in time, we can estimate for t e {0,T} 



rj^ip'',u"){t,x)A"{x)dx 



p"(u")2 + C/(p")) {t, x)A''{x) dx 
(ip"(?l")2 + C/(p"))(x)A"(x)dx, 



which for all n is bounded by 2E (see p.6p and (|2.4p ). Recall that the total 
energy is the second s-moment of the entropy kernel. For the third integral on 
the right-hand side of (|2.40p . a computation based on (|2.49p yields 



r7^,p(p",u")-g^(p",^.") = -0(p")^+^ 



(1 - u-/{p-r) 
(A + l)(A + 2) 



A+2 
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This quantity is nonpositive and bounded below by —C{p'^)'^^^, with C > 
some constant. Finally, we use the fact that there exists 5 > such that 

q^{p-.u^) > 5(^p^\u-\^ + for all 

We refer the reader to ^5] for a proof. Combining all estimates, we find 

Q-{y) < ^ + y / ^ J dx (2.41) 

for almost all y e f2, where 

Q"(y) A-{y) f + {p-y+') {t,y) dt. 

Note that for every n, the functions {p'^,u'^) and are compactly supported, 
so the integral in (|2.4ip is well-defined. Then Gronwall's lemma implies 

Q"(.)^-exp(^-|^^^^-^..j fora.e.,ea (2.42) 

For nozzle fiows, the right-hand side of (|2.42p can be bounded independently of 
y and n, by assumption (|1.4p and the choice of A". For spherically symmetric 
flows, the weight A" is strictly increasing, so the integral in (j2.42p vanishes. □ 
Proof of Proposition\2.7\ Let p {j + such that p > 1. Then 



[p^iu^'f + {p"V) A'^dxdti^C (2.43) 
for all T > and K dO. compact, with C > some constant: Note first that 



sup 

n J J[0,T\xK 



A'' 



[0,T] 



[p-{u-fydt 



/ f \ (37-l)/37 / r \ 1/37 

=^ M" / L4" / (p")'^+''rfn , (2.44) 

V J[0,T] / V J[0,T] / 

by Holder inequality. For the internal energy, we have the trivial identity 



A" 



({p'y\ dt^A'' (p")''+^dt. (2.45) 

[0,T] ^ ^ J[0,T] 



Since the right-hand sides of both (|2.44p and (|2.45p are bounded independently 
of x and n because of Lemma 12. 8[ the bound (|2.43p follows immediately after 
integrating over K. Similarly, we can use the Holder inequality to prove 

sup// (p")'^|u"|^"da;dt C (2.46) 

n JJ[0,T]xK 
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for some constant C > 0. Indeed, we have 

A" / {p'')''\u"\dt^ (a" [ {p"y+Ut] ' fyl" / ' , 

J[0,T] V JlO.T] J V J[O.T] ) 

which is bounded uniformly. Integrating over if, we obtain (|2.46p . Thus 

^^P // ( / s^x(s|p",u")ds V"|A"da;di C (2.47) 

because the second s-moment of x is given by the total energy. 

Let again V'(s):=s|s|forseM. Then formulas (fL9)) & (|l.lip imply 

\s\^xis\p-, ds = u") - (1 - e)u- ^ s\s\xis\p^\ u^) dt. 

The first term on the right-hand side can be controlled using the argument of 
Lemma [2.81 (see (|2.40p ). For the second term, we can use (|2.47p . This yields 

s'^p// { I \s?x{s\p'',u'')ds\A'' dxdti^C, (2.48) 

n JJ[0,T]xK \Js. J 

with C > some constant. Combining ([2^ & ([2^ . we obtain the conver- 
gence of 77^(2") and q^{z^) for unbounded i/; by standard arguments. 
To prove the last statement in (|2.37p . note that 



p"u"77^,p(p",w")=w" / V(s)x(s|p",w")ds 
Js. 

+ eu" [ V'(s)(s-M")x(s|p",u")ds. (2.49) 



Using (j2.38p and (I2.47p . we can control the right-hand side of ()2.49p uniformly 
in n, for all ip with at most quadratic growth. This completes the proof. □ 

2.6 Compensated compactness 

We have the following crucial result. 

Lemma 2.9 (div-curl-commutator). Assume that the sequence (p",u") of finite 
energy approximations constructed in Section \2.1\ generates a Young measure v. 
Then almost everywhere in [0, cxd) x we have 

ixisMs') - ais)x{s')) - (x(^)>(^(^')> + (^(^))(x(^')) = 

for a.e. (s, s') G R^. 

Proof. For any test functions "01 V'' S 'D{M.) define the entropy/entropy- flux 
pairs {riip,q^) and {rj^p/jq^p') as in (|1.10p . According to Lemma [231 we have 

'"['Il^i'i weakly in L7+^ ([0, 00) xf7), (2.50) 
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as well as 

{pu f]^,p)(z'^) — ^ {pu r]^,p) weakly in Lf^^{[Q,(X)) x ft). (2.51) 
The same convergence holds for the pair [t].^' , q^p'). Moreover, we have 

,,(."),,,(.") ^ -^^^^^ ^ ^'-''^ 
Recall that for all if) G I'(M), the sequence (2;") satisfies 

9t(ry^(^")A") + a,(g^(^")A") + ({pu n^,p - g^,) (^")) (9, A") 

^"(s)^'V"(ds, •) in X>'([0,oo) X (2.53) 



By (1^^ . the right-hand side of is bounded in M([0, 00) x Vl). Moreover, 

by (|2.50p & (|2.5ip and the divergence form of the left-hand side of (|2.53p : 



is pre-compact in Wy^^ '"^([0, oo| ^ ^) for 1 ^ r < 2 
and uniformly bounded in W^^''^'^ ([0, 00) x Vl). 

We used Sobolev embedding. Since 7 + 1 > 2, Murat's Lemma [TB] yields 

(^j V"(s)A" /i"(ds, 0^ is pre-compact in H^^l ([0, 00) x 17) . 

The same arguments apply to the entropy/entropy-flux pair {ri^pi , q^i) . 
We now use the div-curl-Lemma (see [I71[21|), which gives the identity 

{-iltljQ'>P' + Qi'Vi'') + {'n4>){<l4>') ~ {'l^){Vip') = in I?'([0, 00) x il). (2.54) 

By (P^g)) and the commutator is in ^[^^^([O, 00) x ft), so ((^311) holds 

pointwise almost everywhere. On the other hand, by (jl.lOp we have 

-X{s)a{s')+a{s)x{s')) + {x{s)){a{s')) - {a{s)){x{s'))] 

iP{s)iP'{s')ds ds'. 

Since were arbitrary, the integrand must vanish for almost all (s,s'). □ 



3 Strong convergence and finite energy solutions 

In the previous section, we showed that a subsequence of the finite energy 
approximate solutions (p",u") converges to a measure- valued solution of the 
isentropic Euler equations. In this section, we improve this result by showing 
that the Young measure constructed in Proposition 12.31 is concentrated for a.e. 
{t,x) E [0,00) X f2. This implies the existence of measurable functions {p,u), 
which form a weak solution in the sense of Definition 11.11 
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3.1 Reduction of the Young measure 

We first introduce some notation. 

Definition 3.1. Consider v E Prob(7i) such that (W) is finite, where 

(ip) := / ip{a) u[da) 
Jn 

for all ip :— (phW with </Jb G Cb(7i). The measure v is called an entropy admis- 
sible Young measure if for almost every {s,s') G we have 

{X{s)a{s') - a{s)x{s')) - (x(^)> (^(^')> + ('^(^)> (x(^')) = 0. (3.1) 

Entropy admissible measures liave a very particular structure: 

Theorem 3.2 (Reduction of Young measures). // v is an entropy admissible 
Young measure, then the support of v is either a single point of H or a subset 
of the vacuum line V . 

As shown in Proposition 12.31 and Lemma [121 the sequence {p" ,u"') of finite 
energy approximate solutions constructed in Subsection 12. 1[ generates a Young 
measure with the property that for almost every {t, x) e [0, oo) x the measure 
iy(t,x) is entropy admissible in the sense of Definition l3.1l We can therefore apply 
Theorem 13.21 at each point: For all (t,x) where I'^t.x) is not supported in the 
vacuum, we have ^'(t,x) — ^z(t,x) foi' some z{t,x) G H, thus 

{ri^){t,x) = T]^{z{t,x)), 

{q^){t,x) = q^{z{t,x)), (3.2) 
{pu rj^^p - q^) {t, x) = (pu Tj^^p - q^) {z{t, x)) 

for all admissible weight functions ip. If Vi^t.x) is supported in V, then 

{Vi>){t, x) = (g^) (i, x) = {pu Tj^^p - q^){t, x) = 

since the integrands vanish in the vacuum, see (|2.27p and (|2.30p . For those 
points we define z{t,x) :— (0,0) and obtain again (|3.2p . The Young measure 
v is a measure-valued solution of the isentropic Euler equations in the sense 
((2?35)) . With z: [0, oo) x — >n defined above ((2?35)) takes the form 

dt(r]^{z)Aj + dx(^qi,iz)Aj + (^{pu ri^^p - q^) {z)j {dxA) 

= - l^i:"{s)An{ds,-), 

r]^{z{0,-)) =r]^{z) (3.3) 

in 2?'([0, oo) X 51) for all admissible weight functions ip. 

Consider now the functions {p, u) that are related to z via l|2.19p . Then (|3.3p 
shows that (p, u) is an entropy solution in the sense of Definition 11.11 which 
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proves our main Theorem 11.21 Observe that in Proposition 12.71 we can allow 
functions ip with quadratic growth in the entropy (%), but only subquadratic 
growth is acceptable for the entropy- flux (g^). Since for the finite energy ap- 
proximate solutions the total energy is nonincreasing in time, the same is true 
for the limit functions (p, u)/ We therefore have 

{^pu^ + U{p))it2,x)dx / {^u^ + U{p)){ti,x)dx 



for almost every t2 ^ ii- Note, however, that while the argument of Lemma 
can be used to derive a uniform i^-bound for the total energy fluxes 

(ip"(u")2-f g(p"))uM", 

we cannot prove that their limit is given by 

{^pu^ + Q{p))uA 

since concentrations might occur. As a consequence, we do not know whether 
the local energy balance (that is, p.Sp with an inequality) is satisfied. 
The rest of this section is devoted to the proof of Theorem 13.21 



Lemma 3.3. Given an entropy admissible Young measure v, consider the map 
s e R 1-^ (x(s))- Then, (x) € C"(R) for all a e [0, A], and so the set 

§ {s e M: (x(s)> > 0} 

is open. If § is empty, then ^{H) = 0. If S is nonempty, define numbers 
z := inf § and z := supS (both possibly unbounded). Then S = iz,z) and 

spt n {a e H : a < ^ or z < a} = 0. (3.4) 

Proof Note that the function f{t) (1 - t^)^ is bounded and Holder 
continuous with Holder exponent A. Wc write the entropy kernel in the form 

X{s\a)^pia)^'^f(^^j^] for{s,a)eRxn, (3.5) 



p{a) 

where p{a) and u{a) are defined by (|2.19p . We then obtain 

sup ^ p(a)(--")« sup \I^^tlim 

s; Cp(a)(2^-")« , 

with C > some constant that does not depend on a. We also have 

sup|x(s|a)Kp(a)2^«. 
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Since < (2A — a)9 < 1 for all a E [0, A], we can now estimate 

|(x(s)>-(x(s')> 



sup 



sup |S — S 



sup 



x{s\a) v{da) 
- x{s'\a)\ 



H 



X{s'\a)v{da) 



n 



v{da) 



i^C [ W{a)v{da), 
Jh 

which is finite by assumption on i>. The function (x) is bounded: 

X(s|a) iy{da) 



sup|(x(s))| = sup 



n 



swp \x{s\a)\ iy{da) !^ / W{a)iy{da). 
n sGR Jh 



This shows that (x) e C"(M) for all a G [0, A], so § is well-defined and open. 
We show next that § can be represented in the form 



s= U 

aGspt unH 



(3.6) 



Indeed assume that a £ spti^ n H. Then we have v{Br{a) n H) > for all 
r > 0, by definition of support of a measure. Therefore we obtain 



X{s\a') di^{a') > 



at least for all s e M with the property that xi^l*^') > foi' all t^' G Br{a). 
This implies (a + r, a — r) C §. Since r > and a were arbitrary, we get the D 
inclusion in ()3.6|) . For the converse direction, suppose that 



(X(=s)) = / x{s\a')d,y{a')>0 



(3.7) 



for some s G M. Since x vanishes in the vacuum, in (j3.7p we can restrict 
integration to H. Then z^({a G H : a < s < a}) > 0, so there exists at least 
one point a G spt in that set. Then s G {a, a), and ()3.6p follows. If now § is 
empty, then p.6p implies that spt D = 0, thus i^(-ff ) = 0. 

Let us now assume that S is nonempty. We define z_, z as in the statement of 
the lemma. Then we argue by contradiction and assume that § is disconnected. 
Since § is open, there exist numbers z < c ^ c < z and e > such that 

f (x(s)) = for s e [c,c], 

1 (x(s)) > for s e (c- e,c) U (c,c-|-e). 



In view of 



this implies that 

spt ly {a E H : c < a and a < c} = . 



(3.8) 
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Choosing s G (c — e, c) and s' G (c, c + e) we use assumption p.ip in the form 



(X(«))(x(.s')) ixi^')) ixis))-' 



(3.9) 



which is weh-defined since {x{^)){x{s')} > 0. Now note that x(s|a)x(s'|Q) — 
for all a G sptz^, by (|3.8[) . We obtain 



~x{s\a)a{s'\a) + a{s\a)x{s'\a) = for all a E spt v, 
so the left-hand side of ()3.9I1 vanishes. For the right-hand side we can estimate 



(x(s)) ixi^)) ' ' (x(s)) 

Here, we have used that on the one hand 

sptx(s|-) n spti^ C {a e i/: a < c} U C {a e iJ; u(a) < c} U 



in view of (jS.Sp and, on the other hand, v can not be entirely concentrated at 
one point where — since (x(s)) > 0. 

With the analogous estimate 

(x(s')> (x(s')) (x(s')> 

we obtain from (13.91) that > c — c ^ 0. which is a contradiction. □ 



3.2 Expansion of the entropy kernels 

In order to establish that the probability measure of Theorem 13.21 is concen- 
trated at one point, we must understand how the entropy kernels behave under 
fractional differentiation with respect to s. For A > and suitable functions 
/ : M — > R we define the operators 

D/:-F-i(|.|^+iF/), d/:=F-i(z|.|^sign(.)F/) (3.10) 

in distributional sense, where F denotes the Fourier transform. We have 

D/(s) = ^(d/(.)), (3.11) 
D(s/(s)) = sD/(,s) + (A + l)d/(,s). (3.12) 

We now apply these operators to the function /(s) :— (1 — s^)\ with s e K. 
According to [11;, its Fourier transform is given by 

F/(z) :^ 2^r(A + l)|zr^-i/V,+i/2(l^l) (3.13) 
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for all z e R, where F denotes the Gamma function and Ja+i/2 is the Bessel 
function. Note that despite of the singular factor in (|3.13p . the function F/ is 
bounded, due to the decaying properties of the Bessel function. We have 

d/-cF-i(|.ri/2F.9), (3.14) 

where c is some constant and the function g is defined for all z e R by 

Fg{z) isign(z)JA+i/2(|z|). 

The inverse Fourier transform of | • |~^/^ induces a fractional integration operator, 
called Riesz potential (see [21 ). Therefore (|3.14p is equivalent to 

df{s)^C\-\-^/^*g{s), seR, (3.15) 

with C some new constant. Since Fg is an odd function, we can express the 
inverse Fourier transform in terms of the inverse Fourier Sine transform and 
obtain the following explicit formula (see [12] ): 

= y'^sign(s) J Jx+i/2iz)sm{z\s\) dz 
sm(^{X + i) arcsin |s|^ 

cos((A + |)f) 



sign(s) <^ 

TT 



A+l/2 ' 



|s| < 1, 

(3.16) 

\s\ > 1. 



Note that g decays like \s\ (^+3/2) as \s\ oo and diverges only like |1— |s|| 
as |s| ^ 1. This implies g & LP(R) for all p € [1,2). By the Hardy-Littlewood- 
Sobolev theorem (see [21]), we then have d/ e L'?(R) for aU q £ (2,cx)). The 
singular behavior of d/ and D/ is decribed in the following proposition. 

Proposition 3.4 (Fractional derivatives). Let /(s) = (1 — s^)^ for s S R, 
and define the fractional derivatives D/ and df by (|3.10p . Then there exist 
constants Ai, i — I. . .4, and functions r, q G W^'P{M) for p e [2,oo), such that 
in the distribution sense we have the following expansions: 

Af{s) = Ai [h{s + 1) + H{s - 1)) + A2 ( Ci(s + 1) - Ci(.s - 1)) + r(s), 

D/(s) = Ai (5{s + l) + 5{s- 1)) + A2 (PV(s + 1) - PV(s - 1)) 

+ A3(iJ(s+l)-F(.s-l)) + ^4(01(5 + 1) + Ci(s- 1)) +q{s). 

Here 5 is the Dirac measure, PV is the principal value distribution, and H 
denotes the Heaviside function. The function Ci is the Cosine integral 

Ci(s) dt = C + log|s|+ /'''^^^^dt, seR, (3.17) 
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with C > some constant. For simplicity, we will treat the distributions S and 
PV as if they were functions. The coefficients Ai and A2 are not both equal to 
zero. Moreover, if -f = {M + 2)/M with Af e N odd, then A2 ^ A4 ^ 0. 

Remark 3.5. Note that by Sobolev embedding, the remainders are Holder con- 
tinuous: We have r,q £ C"(M) for all exponents a € [0, 1). In particular, the 
functions are bounded. Moreover, we get r,q£ Wi^f (K) for all p e [1, 00). 

This expansion has been proved in shghtly different form in |141 [5] , starting 
from an asymptotic formula for the Fourier transform of D/. The main dif- 
ference is that in [14J the logarithm log | • | is used in place of Ci, which is not 
totally accurate since the Fourier transform of D/ is a bounded function, while 
the Fourier transform of the logarithm has a pole at the origin. Recall that Ci(s) 
behaves like — log|s| as \s\ and decays like \s\^^ at infinity. We remark 
in passing that it is possible to prove Proposition 13.41 starting from identities 
(I3.15|) and ()3.16|) . thereby avoiding the Fourier transform altogether. But we 
will not pursue this option here. 

Proposition 13.41 is used to find expansions for the entropy kernel. Note that 

Xis\a) = p{af'^f(^^-^y {s,a)eRxn. 

Therefore the chain rule implies the identities 
dx(s|a) 

= p{af^ (^Ai (^H{s -a) + H{s - a)) + ^2 ( Ci(s - a) - Ci(s - a)) 
Dx(s|a) 

= piaf^ (^Ai (^5{s -a) + S{s - a)) + A2 (PV(s ~ a) - PV(s - a)) 

+ p(a)^(-^-i' (^As (ff (s - a) - H{s - a)) + A4 ( Ci(s - a) + Ci(s - a)) j 

+ Piar'-'^ ( - A,29\ogp{a) + ,(^1-^)) (3.19) 

in the distribution sense in s for all a £ Ti. Using (|1.9p and the product rule 
(|3.12p we obtain similar identities for the entropy-flux kernel a. For 7 — 5/3 we 
have ^2 = ^4 = 0, so ((3T8)) and ((3T9)) do not contain PV and Ci. 

3.3 Proof of the reduction result 

We essentially follow the arguments in O [M] . But since we no longer assume 
that spt is a bounded set, we must ensure that all terms are indeed well-defined. 
Let us first fix some notation. 
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We choose nonnegative test functions ip, ip' G X>(R) with support in the 
interval [—1,1] and with integral equal to one. For e > we put 

LPe{s) := £"V(s/e), ^'As) — V'(s/e) 

for all (s, e) e M X (0, 1). We then mollify the entropy kernels: Let 

Xe{s\a) := x{-\a)-k(p^{s), <Je{s\a) := <T{-\a) -k (p^{s) 

for all (s,a) G K x 7i, and define (xgjCr^) analogously, using the moUifier (p'^ 
instead. We assume that ip and ip' are chosen in such a way that 



Z:= H(t- 



ip' (s) ~ (p{s)ip' {t)j ds dt (3.20) 



is a positive number. As shown in [5j, this is always possible. 

The proof of Theorem 13.21 relies on the following two propositions. 



Proposition 3.6. There exist a constant B > depending on A and the number 
Z defined in (j3.20p such that for any nonnegative C. G I?(K) we have 

lim ^ (Dxs (i)D< (t) - Da, (t)Dxi (t) ) (x(0 ) C(i) dt 

= B^p(a)i-«((x(a))C(«) + (X(«))C(«)) ^da). 
Proposition 3.7. For any test function ( G I?(M) iwe have 

hm / (x(t)D<(t)-a(t)Dx;(t))(Dxe(0)C(Orfi 

= lim / (x(i)Dae(0-a(t)Dxe(<))(Dxt(i))C(i)di. 

Propositions 13 .61 will be proved in Subsection l3.41 Proposition 13 . 71 in Subsec- 
tion [331 Let us first show how they imply Theorem l3.2l Following the strategy 
introduced in [5] we multiply p.ip by (x(i)) a-nd obtain the identity 



^Xis)ais')~ais)xis')){xit)) 

= ((x(s))(^(^'))-M^))(x(^')))(x(t)) 

for almost all (s, s',<) G R'^. Cyclic permutation of the variables yields 
[xis')ait)~ais')xit)){xis)) 

= ((x(s'))M<))-Ms'))(xW))(x(s)>, 

[xit)ais)-ait)xis)){xis')) 

= {{xit)){<yis))~{ait)){xis))){xis')). 
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Summing up all terms, the right-hand sides cancel out, and we find 
(x(s)a(s')-a(.)x(.s'))(xW> 

= (x{t)ais') ait)xis')){x{s)) - (x(i)^(s) - a{t)xis)){x{s')). 

We apply the fractional differentiation operator D with respect to s and s', 
then integrate against the moUifiers Lpe{t ~ s) and (p'^{t — s') as defined in the 
beginning of Subsection 13.31 Finally, we multiply the resulting terms by some 
nonnegative test function C e I?(M) and integrate in t over R. Then 

^ (Bxe{t)-DaUt) ~ BaS)-Dx'e{t)){x{t))at) dt 
= [ (xit)-Da',it)-ait)-Dx'At)){'DXeit))at)dt 
- [ (xit)-Da,it)~ait)-Dxe{t)){T)x'M)Cit)dt. 

JR ^ ' 

According to Proposition 13.61 the right-hand side converges to zero as £ ^ 
since the two terms have the same limit. Proposition 13 . 71 describes the limit of 
the left-hand side. Sending e — > 0, wc arrive at the identity 

B 1^ p{af~' ((x(a))C(S) + (x(a))C(a)) ^{da) = 0. (3.21) 

All terms of the integrand in (j3.2ip are nonnegative. Choosing a monotone 
sequence of Cfc G I?(M) with ^ Cfc ^ 1 and Cfe — > 1 as fc ^ oo, we get 

/ p{af-'{x{a))i^{da)=Q, f p{a)'-' (x{a)) i^{da) ^ 0, (3.22) 
JH Jn 

by monotone convergence. Recall that the constant B is strictly positive. 

Consider now the interval S = (2;, z) defined in Lemma [3.31 If S = 0, then 

the representation (|3.6p implies that spti/ C V. If § 7^ 0, then we find 

spt v n {a E H : a > J or a < — 0. 

Since (x(s)) > for aU s G §, from (P?^ and we get 

spt n {a e iJ : z < a < z} = and spt n {a e : z < a < z} = 0. 

Therefore the measure v must be contained in the vacuum V and in the isolated 
point z := (z, z) S H. We make an ansatz 

V — {1 — uj)vv + W(5z for some lo G [0, 1], 

where uy is a probability measure supported in the vacuum V . Using this 
measure in the commutator relation (|3.ip . we find the identity 

{u^uj-')(^-x{s\z)<j{s'\z) + a{s\z)x{s'\z))^Q, a.e. {s,s') eR\ 

For some s, s' G S with s 7^ s' the second factor does not vanish, which implies 
that uj S {0, 1}. If = 0, then v is supported in the vacuum V . If = 1, then 
is a Dirac measure at the point z. This proves Theorem 13.21 
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3.4 Proof of Proposition [3T6] 

As shown in Proposition l3.4[ the fractional differentiation operator D applied to 
the entropy/entropy flux-kernels creates distributions such as Dirac measures, 
principal values, and their primitives. Up to mollification, the quantities in 
Propositions 13.61 and 13.71 contain products of these distributions, so we must 
carefully argue that all terms are well-defined. 

Let be the moUifiers from the beginning of Subsection 13.31 and define 



s') := / g{t)ve{t - s)ip',it ~ s') dt, (s, s') 



(3.23) 



for all e > 0. Here g e C"(R) is some nonnegative function with compact 
support, with a e [0, A]. Now fix L > such that spt g C Bl{{)) and define 

Bi := Bl+M and B := Bl+2{0). 

The proof of Proposition 13.61 is based on the following two lemmas. 



Lemma 3.8. Let R be a bounded, Holder continuous function. Consider any 
pair of distributions T^T' G T)' {K) from the following table: 

(T, T') = (5, Q), (T, T') - (PV, Q), {T, T') = (Q, Q'), 

where Q,Q' G {H,Ci,R}. Then there exists a constant C > such that 

ds ds' 



sup 

££(04) 



<i>As,s') T{s)T\s')-T'{s)T{s') 
ll5llc"(E) (c{l + \\R\\c^^B)yy 



(3.24) 



Moreover, we have the following limits: 

(1) For {T,T') = {S,H) or (PV, Ci) we have 



lim 



$e(s,s') S{s)H{s') - H{s)6{s') dsds'^Zg{0), 
$e(s, s') \PV{s) Ci(s') - Ci(s)PV(s')l ds ds' = Zip- g(fS). 

R L -I 

(2) For all other combinations of T and T' we have 



lim 



lim 



<i>e(s,s') T{s)T'{s')~T'{s)T{s') 



ds ds' = 0. 



The constant Z > is defined by (j3.20p . 



Proof. Note first that the assumptions on g and on the moUifiers (p^ and ip'^ 
imply that the function <i>e is in I?(M x K). Therefore the pairing 



$,(s,s') T{s)T'{s')-T'{s)T{s') 



ds ds' 



(3.25) 
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is well-defined for all pairs {T,T') considered. As a function of e S (0,1), 
the integral (|3.25p is smooth. To establish p.24[) it is sufficient to control the 
behavior as e — ^ 0, in which case the singularities become important. 
Note that a substitution of variables yields the identity 



ds ds' 



^,{s,s')[T{s)T'{s')^T'{s)T{s') 
M^{u^ u') ip{u)ip' (u') du du' , 
where the function is defined as 



g{t) T{t - eu)T'{t - eu') - T{t - eu)T'{t - eu') 



dt 



for (u, It') G M X M. In the following, we will use the decomposition p.l7p of the 
Cosine Integral into a logarithm and a Holder continuous remainder. 

Step 1. Let (r,T') = {6,H). Note that 

g{t)5{t - eu)H{t - eu') dt = g{eu)H{e{u - u')), 

with a similar identity if u and u' are interchanged. Therefore 

Me(u, u') = g{eu)H{e{u - u')) - g{eu')H[e{u' - u)) , 
which implies the estimate 

|M,(M,u')K2||5|U»(M). 
By dominated convergence, we obtain 



lim 



$e(s,s') 5{s)H{s') - H{s)5{s') 



ds ds' 



.9(0) 



H{u — u') — H{u' — u) ip{u)ip' {u') du du' 



The integral on the right-hand side coincides with Z > defined in p.20p . 
Step 2. Let {T,T') = (5,log| • |). Note that 



g{t)S{t — eu) log \t — eu'\ dt = g{eu) log \e{u — u')|, 
with a similar identity if u and u' are interchanged. Therefore 

M^{u,u')^ g{eu)-g{eu') log |e(M - w')!- 
We obtain the estimate 

\KUu,u')\ ^ \\g\\co.,^w.)[{e\u-u'\Y\\og\e{u^u')\\). 



(3.26) 
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Since the supports of and ip' are contained in [—1,1], the right-hand side of 
(j3.26p is uniformly bounded and converges to zero as e — )■ 0, yielding 



lim / / $,(3, s') log - log 



ds ds' — 0. 



Step 3. Let {T,T') ^ {S,R). Note that 

g{t)S{t - eu)R{t - eu') dt = g{eu)R{e{u - u')), 

with a similar identity if u and u' are interchanged. Therefore 

Me(u, u') = g{eu)R{e{u - u')) - g{eu')R{e{u' - u)) , 
which implies the estimate 

\M,{u,u')\ llg|lL-(ii)(2|li?|lL-(K)). 

By dominated convergence, we then obtain 



lim 



S{s)R{s') ~ R{s)S{s') 



ds ds' = 0. 



Step 4. Let {T,T') = (PV,H). A substitution of variables yields 
/ g{t)PV{t-eu)H{t-eu')dt^ f PV{s)g{s + eu) ds, 

JM. J — e{u—u') 

with a similar identity if u and are interchanged. Therefore 



ds. 



/oo /'OO 
P\{s)g{s + eu)ds- / PY{s)g{s + eu) 

-e{u—u') J —e{u'—u) 

Let us assume that u > u\ the converse case being similar. We decompose 

/cc 
PY{s)g(s + eu) ds 
-e{u — u') 

/e{u—u') poo 
PV{s)g{s + eu)ds+ / PY (s) g {s + eu) ds. 

-e(u — u') J eiu—u') 



/>e{u—u' ) 

PV(s)^(s + ew)c?s+ / 

s{u—u') 

By symmetry, the first integral on the right-hand side can be rewritten as 



FY{s)g{s -\- eu) ds : 



£{u — u') 



PV(s) g{s + eu) — g{eu) 



ds, 
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which implies the estimate 

pe{u — u') 



e{u—u') 



VY{s)g{s^eu) ds 



/e{u~-u' ) 
-e{u—u') 



''-Us 



^\\g\\c^^^^[2a-'{e\u-u'\y). 
The right-hand side is uniformly bounded and vanishes as £ — > 0. Now 



PV{s)g{s + eu)ds - / FY {s)g(s + eu') ds 

e{u—u') J —s{u' —u) 



I e{u—u') 

which implies the estimate 



PV(5) g{s ^ eu) ~ g{s + eu') 



poo poo 

/ PY{s)g{s + eu)ds- / PV{s)g{s + eu') ds 

J eiu — u') J —eiu' — u) 



z{u — u') 

< ll5llc°(R) {^W - u'\) 



— £{u'—u) 

ds" 



e(u~-u') ^ I 

McH^ ( {e\u - u'\Y \og{L + 1) - fog \e{u - u')\ 



(3.27) 



Recall that spt 5 C Bl{{)). The right-hand side of (|3.27p is uniformly bounded 
and converges to zero as e ^ 0. Combining the above estimates we get 



lim / / s') \PY{s)H{s') - H{s)P\{s') 



ds ds' = 0. 



Step 5. Let {T,T') = (PV,log| • |). A substitution of variables yields 

/ g{t)PY{t~eu)\og\t-eu'\dt= / PY{s)gis + eu)\og\s + e{u - u')\ ds, 

with a similar identity if u and u' are interchanged. We now decompose 
M^{u,u') 



Bi 



PV(s) g{eu') log \s + e{u ~ u')\ — g{eu) log \s -\- e{u' — u)\ 



+ / PV(s) {g{s + eu) - g{eu'))\og\s + e{u- u') 



PV(s) {g{s + eu') - g{eu)) log \s + e{u' - u)\ 



ds 
ds. 



ds 



(3.28) 



Note that the function 

Ca{t):^{g{t + a)-g{a))\og\tl i € R, 
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is Holder continuous for all a G R. Therefore we can estimate 



Bi 



PV(s) {g[s + eu) - g[eu')) log \s + e{u - u')\ 



ds 



ds 



^ 11.911c- 



C 



with a' < a and C > some constant. Moreover, we find 

lim I" PV(s) {g{s + eu) ~ g{eu'))\og\s + e{u- u')\ ds 

PV(s) Us) - 5(0)1 log\s\ds. 

The same reasoning applies with u and u' interchanged, with the same limit. 
Therefore the last two terms in p.28|) are bounded and vanish as e 0. 
To control the first term on the right-hand side of p.28p . we write 



PY{s)\og\s + e{u - u')\ ds = 



elu—u' ) 

~e{u—u') 
L+1 



V\{s)\og\s + e{u - u')\ds 



PV(s) log 



s + e{u — u') 



s ~ e(u ~ u') 

assuming without loss of generality that u — u' > 0. Now we have 



ds. 



L + 1 



PV(s) log \s + e{u - u')\ds = 7rV4, 



{u—u') 



PV(s) log 



s + e{u — u') 



s — e{u — u') 



ds = 7r^/4 - h(e{u - u')) , 



where /i is a smooth, increasing function with lims_^o h{s) — 0. If m and u' are 
interchanged, we obtain the same quantities with a minus sign. Therefore 



PV(s) g{eu') log \s + e{u — u')\ — g{eu) log \s + e{u' — u)\ 



Bi 



ds 



{g{eu) + g{eu')) [t? - h{e{u - u')) 



This left-hand side is bounded in absolute value by 7r^||g||^oo(R) and converges 
to the limit 7r^g{0). Combining all estimates, we conclude that 



|Me(u,w')KC||.g||cc(R), 



34 



with C > some constant. By dominated convergence, we find 



lim 

£— 



s') PV(s) log |s'| - log |s|PV(s') 



ds ds' 



ff(0)U 



H(u — u) — H{u — u) (p{u)(p' {u') du du 



The integral on the right-hand side coincides with Z > defined in p.20p . 
Step 6. Let (T,T') = (PV, i?). A substitution of variables yields 



g{t)PY{t- eu)R{t- eu')dt ^ / PY{s)g{s + eu)R{s + e{u - u')) ds, 

with a similar identity if u and u' are interchanged. Therefore 

M^{u,u') 



PV(s) g{s + eu)R{s + e{u - u')) - g{s + eu )R{s + e{u - u)) 
Since g and R are Holder continuous functions, we can estimate 
VY{s)g{s + eu)R[s + e{u - u')) ds 

PV(s) g{s + eu)R[s + e{u - u')) ~ g{eu)R[e{u - u')) 



ds. 



Bi 



ds 



^ Il5llc-(R) ^ll-Rllc^CR) j 



ds 



By dominated convergence, we then have 

lim / g{t)V\{t^ eu)R{t- eu')dt= [ PY{s)\g{s)R{s) - g{0)R{0) 

e^0 7„ n I 



ds. 



The same reasoning applies with u and u' interchanged. We obtain the estimate 

\M,iu,u')\ ^ ||g||c»(R)(c||i?||c=(R)) 
with C > some constant, and the convergence 



lim 



s') PV(s)i?(s') - i?(s)PV(s') 



ds ds' = 0. 



Step 7. Finally, let (T, T') = (Q, Q') with Q, Q' e {H, log | • |, i?}. We have 

\M,{u,u')\ ^ ||5||l~(r) (||g(- - eu) - Q{- - eu')||L^(B)IIQ'(- - £u')\\l2(b) 
+ WQi- - su')\\L2^B^\\Q'i- - eu') - g'(- - £ii)|U2(B)). 
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Since Q,Q' G ^ioc^(K) for all /? < 1, the right-hand side is uniformly bounded 
and converges to zero as e — > 0. By dominated convergence, we get that 



lim 



Q{s)Q'{s')-Q'{s)Q{s') 



ds ds' = 0. 



□ 



The proof of Lemma 13.61 is now complete. 

Lemma 3.9. Let R be a bounded, Holder continuous function. Consider any 
pair of distributions T,T' £ I?'(M) from the following table: 



{T,r} = {5,5}, 
{T,T'} = {S, PV}. 
{T,r} = {6,Q}, 



{T,T'} ^ {PV,PV}, 
{T,T'} = {PV,Q}, 



{r,r'} = {Q,Q}, 



where Q G Ci, i?}. Then there exists a constant C > such that 



sup 

£6(0,1) 



{s-s')<^e{s,s') T{s)T'{s') 



ds ds' 



< ||.9||c=(K)(^C(l + |!i?|lc=(B))" 

Moreover, we have the following limits: 
(1) For {T,T'} = {(5,PV} we have 



lim // {s- s')<^,{s,s') V\{s)5{s')+5{s)V\{s') 
(2) For all other combinations of T and T' we have 



dsds' = 0. 



(3.29) 



(3.30) 



lim 



{s-s')<^As,s') T{s)T'{s') 



dsds' = 0. 



Proof Note first that the map (s, s') (s — s')$j(s, s') is in I?(M x M) since 
the function $j is smooth with compact support. This follows from p.23p . and 
from the assumptions on g and ip^, ^p'^. Therefore the pairing with products of 
distributions is well-defined. As in the proof of Lemma l3.8[ in order to establish 
the bound (|3.29p it is sufficient to consider the behavior as e ^ 0. 

Step 1. We immediately find that 



// 



s')<^,{s,s') Ks)8{s') 



ds ds' = 0. 



Step 2. We have the identity 

{s-s')^,{s,s') PY{s)S{s'] 



ds ds' 



g{t){ / fe{t-s) sPV{s) ds]p'^it)dt 

I \JR 

= / g{t)^',{t)dt, 



(3.31) 
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where we used the fact that sPV(s) = 1. We can therefore estimate 



\9\\l- 



{s- s')^e{s,s') PV(s)(5(s') dsds' < 

Moreover, by continuity of g we obtain the convergence 

Urn ( ( [s- s')^e{s, s') \vY{s)6{s') \ dsds' = 5(0). 

If we reverse the order of the distributions, the same reasoning apphes. The 
resulting term converges to —5(0) as £ 0, so the claim p.30p follows. 

Step 3. We have the identity 

{s-s')<S>,{s,s')[\og\s\S{s') 
g{t)( f ip,{t-s)\slog\s\\ ds]ip'^{t)dt. 
We can therefore estimate as follows: 



ds ds' 



s')^,{s,s') 


\og\s\S{s') 


ds ds' 


^ ll.9lU~(R 


) ( sup slog|s| ) 













The right-hand side converges to zero as e — s- 0. Similar reasoning applies if the 
function log | • | is replaced by H or R, and if the order of the distributions are 
reversed. In particular, we have the estimate 



is-s')<P,{s,s') R{s)S{s') 



ds ds' 



< llffll 



2£||i?|U^(B) , (3.32) 



which again vanishes in the limit £ ^ 0. 
Step 4. We have the identity 

(s - s')^,{s, s') [pV(s)PV(s' 



ds ds' 



if.it - s) [sPY{s)\ dsj ^ v'^{t - s')PV(s') ds^ 
j ^,{t- s)PV{s)ds^(^J ^',{t-s') s'PV(s') ds'^ \dt 



g{t) ip'^{t - s) - ip,{t - s) PY {s)dsdt, 
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where we used that sPV(s) = 1. After a substitution of variables, we get 



{s- s')<^,{s,s') PV(s)PV(s') 



ds ds' 



g{s + w) (p'^{w) — (p^{w) PY{s)dsdw 

g{s + w)-g{w)\PY{s)ds]dw. (3.33) 



Now we estimate 

[[ (s - s')$£(s, s') [pV(s)PV(s') 

^ Mc 

Note that the map 



ds ds' 



2 / Itl^'-^dt 



Ciw) :— / g{s + w) — g(w) VY{'w) dw 
is Holder continuous and locally bounded. Therefore we obtain 



lirn j ip^{w)\ j g{s + w) ~ g{w) PV(s) ) 



(3.34) 



g(s)-g(0) PYis)ds. 



The same holds with ip'^ in place of ip^, therefore p.33p converges to zero. 
Step 5. We have the identity 



(S- s')$e(s,s') l0g|s|PV(s' 



ds ds' 



= / git)( / Mt-s) s\og\s\ ds][ ^',it-s')PVis')ds')dt 



git)[ / p,it~s)log\s\ds\dt, (3.35) 
where we used that s'PV(s') = 1. The second term can be estimated as 



£g{t)(^£^,{t-s)\og\s\ds^ dt 



As in Step 4 we find that the map 



'fe{''^)\ I git) log \t — w] dt ] dw 
^ I1.9|1l°°(r) 





t\\dt^. 


(3.36) 








dt 
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is Holder continuous and locally bounded, which implies that 

\iinjg{t)(^j ip^{t- s)\og\s\ds^ dt^ J g{t)\og\t\dt. (3.37) 
For the first term in (|3.35p we argue as follows: We introduce the function 



Ce(s') := / \g{t) / iPe{t~s) s\og\s\ ds]ip'^{t-s')dt 



(3.38) 



for all s' e M. Since s i-^ slog |s| is Holder continuous for all Holder exponents 
less than one, we find that converges strongly in the C"(R)-norm to 



C(s') ■.= 9{s') s' log Is' 



s' e 



(3.39) 



In particular, the C"(R)-norm of Ce is bounded uniformly in e G (0, 1), and can 
in fact be estimated by C||g||cc,(-jj), with C > some constant. Hence 



ip',{t- s')PY{s')ds'] dt 



9{t)\ J ¥'£(*- s) [slog |s|J ds 

PV(s')[Ce(s')-Ce(0)] ds' 

\\9\\c^m(c J^sTUs^y (3.40) 
From the strong convergence of Ce in the Holder-norm we obtain 

lim / g{t)( I ipe{t-s) s\og\s\ ds\( j ip'^{t - s')VY{s') dA dt 



pv(s')[c(s')-C(o) 

g(s')log|s'|ds'. 



ds' 



(3.41) 



using that s'PV(s') = 1 and C(0) = 0. Because of ((337| and ([SliTjl . the right- 
hand side of (13.351) vanishes as e — > 0. The same holds with log | • | replaced by 
H or R, and with the order of the distributions reversed. We have 



(S-S')*e(s,s') il'(s)PV(s') 



ds ds' 



\9\\l- 



\R\ 



L\B) 



g\\c^iM,)[C\\R\\cHB) 



s'r-^ds' 



which implies the desired estimate. 
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step 6. We have the identity 



{s~s')^,{s,s') log|s|log|s'| 



ds ds' 



g{t)l / ^eit-s) slog\s\ ds]( ^',it-s')\og\s'\ds^ 



J (fieit- s)log\s\ds^(^J ip'^{t-s') s'logls'l ds'Udi. (3.42) 



Using again the function defined in (|3.38p . which converges strongly in the 
sup-norm to the hmit (|3.39p . we can now estimate 



ds 



9{t){ J^^eit- s)^s\og\s\ 

\og\s'\Us')ds' 
^ll.9lU~(R) (^C ljog\s'\ds'^, 



ifi'^it- s')log\s'\ds'] dt 



with C > some constant. From the strong convergence of Ce, we obtain 



hm^ / g{t)[ / cpeit-s) 



s\og\s\ 



ds 



ip'^{t~ s')PY{s')ds' dt 



= / \og\s'\C{s')ds' 

J B 



g{s')s'{\og\s'\fds' 



The same limit is obtained with primed and unprimed terms interchanged, so the 
left-hand side of ()3.42p vanishes as £ ^ 0. Any other combination of functions 
from {log I • \,H, R] can be handled in the same way. We have 



(s- s')*e(s,s') R{s)R{s') 



ds ds' 



2||i?|U»(B)||i?|Ui(B) , 



with similar estimates for the remaining combinations. □ 
Proof of Proposition \3.6[ Using ()1.9p and ()3.12p we find the identity 

Dx(s|a) Ba{s'\a) - Ba{s\a) Dx(s'|a) 
^e{s' -s)-Dx{s\a) Ux{s'\a) 

+ 9{X + 1) [Bx{s\a) dx{s'\a) - dx(.s|a) T)xis'\a)] , (3.43) 

which holds distributionally in (s, s') e M x M for all a e 7i. Let us consider the 
first term on the right-hand side. We fix some a E H and integrate against the 
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function p.23p . We then want to use the expansion (|3.19p to control 



(s-s')<i>e(s,s') Dx(s|a)Dx(s'|a) 



ds ds' . 



(3.44) 



Note that Dx(s|a) is singular at s = a and s = a, and smooth otherwise. A 
straightforward, but tedious application of Proposition [3?7] shows 



sup 

££(0,1) 



ds ds' 



Mc^^Jcpiaf'^l + p{a)-') (l + p(a)-"« + | logp(a)|) |, (3.45) 



with C > some constant independent of a. Since 2A — 1 > for 7 G (1,5/3], 
the right-hand side of (|3.45p vanishes as p{a) ^ 0, if a is chosen small enough. 
For p{a) large, p.45p grows at most linearly because 20X = 1 — < 1. By 
Proposition 13 . 71 and the dominated convergence theorem, we obtain 



lim 

e->0 



{s - s')^,[s,s'){T)x{s)^x{s)) dsds' = 0. 
For the second term in p.43p we argue similarly: Again we have a bound 



sup 

ee(o,i 



ds ds' 



$e(s, s') Dx(5|a) dx{s'\a) - dx{s\a) Dx(s» 
^ ||5llc"(fl){cp(a)2«^(l + pia)-o) (l + p(a)-"'' + | logp(a)|) | 

with C > some constant, as follows from the expansions (|3.18p and (|3.19p . 
We use Proposition 13.61 and the dominated convergence theorem to obtain 



lim / / $^ (s, s') { Dx(s) dx(s') - dxis) Dx(s') ) ds ds' 

= {Al +7r' Al)Z j p{af~Hg{a)^g{a)) v{da). 

Recall that Z 7^ by choice of moUifiers. Moreover, at least one of the constants 
Ai and Ai is different from zero. Therefore B := (A^ +7r^A|)Z does not vanish. 
To conclude the proof of Proposition 13.61 we apply the argument above for the 
particular choice g{t) (x(i))C(i) with nonnegative ( £ I?(M). As shown in 
Lemma [331 the map t (x(i)> is in C"(R) for aU a e [0, A]. □ 

3.5 Proof of Proposition 13.71 

We use the notation of Subsection [ 
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Lemma 3.10. Let p G [1, 1/(1 - A)) and let R G Wi^f (R) be some function. 
For any distribution T G {(5, PV, -ff, log | • |, i?} define 

T^{t):= I ip,{t- s)T{s)ds /or (s,e) G R X (0,1), 

where ip^ is a standard mollifier with sptip^ C [—£,£]. Then there exists, for 
any L > 0, a constant C > such that the following estimate holds: 



sup 



t^P\T,{t)\P dt c(l + \\R\\l 



ee(o,i) Jo 

where B :— 5^+2(0). Moreover, as e Q we have strong convergence 
t\TS)^t\T{t) mLl^m. 



(3.46) 



Proof. Note that is smooth as a function of e G (0, 1). To establish (|3.46p 
it is therefore sufficient to consider the behavior as e ^ 0. Again we use the 
decomposition (|3.17p of Ci into a logarithm and a smooth function. 

Step 1: We first consider the case of a Dirac measure. We can estimate 



iy9e(i — s)5{s) ds 



^,(t) ^Ce-il[_,,,](0, 



with C > some constant depending on ||(^||/^=o(]u). Therefore we obtain 



t^P 



(pe{t — s)S{s) ds 



ds ^ Ce-P / t^P dt 
Jo 



3^P ds. 



(3.47) 







after a substitution of variables t = es. Since by assumption p < 1/(1 — A), the 
right-hand side of (|3.47p converges to zero as e — > 0. This implies 

tX(^j^^e{t- ds^ in Ll^{M.). 

Step 2: Now we consider the principal value. Let t G (0,e). We decompose 
J ip,{t~ s)PY{s)ds 

= / ipe{t~ s)PY{s)ds+ / ipsit- s)PY{s)ds. (3.48) 

J-ie-t) J-ie-t) 

For the first term we can argue as follows: By symmetry, we have 



re-t 



l-{e-t) 



ip,{t- s)PY{s)ds 



-(e-t) 



ip,{t~s) -ip,{t) PV(s)ds 
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Now fix some a G (0, 1). Then we can estimate 

re-t 



-ie-t) 



ife{t- s) - if,{t) PY{s)ds 



e-t 



with C > some constant depending on \\ip\\ 



This impHes 



|Q-1 



ds 



(e-t) 



ipe{t- s)PY{s)ds 



dt ^ CPe-^^+°'^P / t^P\e - t|"f dt 



The right-hand side vanishes as e 0. For the second term in (|3.48p we find 



ipe{t- s)VV{s) ds 



ds 



log 



e + 1 
e-t 



with C > some new constant depending on Hc^H^oo™-) . Therefore 



re pe+t P n 

/ t^P / if.it- s)PY{s)ds dt^CPe-P t^P 

Jo Je-t Jo 



log 



Jo 



e + 1 
7~t 



log 



dt 

1 + 5 

1 - s 



ds. 



Again the right-hand side converges to zero as e ^ 0. Let now t E (e, L). Then 

't + e" 



l-t + S 

/ (pe(t-s)PV(s)ds 
Jt-e 



log 



t - e 



with C > some new constant depending on llf^sHioo™-). We have 



sup e 



-1 



log 



t + e 



t-e 

Therefore we obtain the estimate 



= lim e ^ 



log 



t -f e 
t-e 



^2t-\ 



t^P 



LPe{t- s)VY{s)ds 



t-e 



dt < {2C)P J t^^-^'^Pdt 
{2C)P 



(A-l)p+l 

The left-hand side is bounded uniformly in e. We conclude that 



^(A-i)p+i^ (3.49) 



tW / ^,{t~ s)VY{s)ds -^t 



,A-1 



in LU 
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step 3: We now consider the case of a Heaviside function. We have 



(Peit — s)H{s) ds 



^ 1. 



Therefore we obtain the straightforward estimate 



ipe{t — s)H{s) ds 



ds s$ / t^P dt. 
h) 



The right-hand side is bounded uniformly in e. Moreover, we have 
I - s)H{s) ds\ tX in Ll^{R). 



Step 4: For the case of a logarithm, we first consider t E (0, e). We decom- 
pose 

/ (fieit- s)\0g\s\ds 

rO i-e+t 

= / Lpe{t - s)^og\s\ds + / Lpe{t - s)\og\s\ds. 

J-(e-t) Jo 



(3.50) 



For the first term we can now estimate 

=^ W'feWL 



/ ipe{t- s)l0g\s\ds ^\\iPe\\L^(M) j 



|log|s||ds 

-{e-t) 

= Ce-'\e^t\{l + \\og\e-t\\) 
with C > some constant depending on H^sH/^oo™-). This implies 



(e-t) 



ipe{t - s) log \s\ ds 



dt 



i^CPe-P / t^P\e - t\P {1 + \\og\e - t\\Y dt 
Jq 

= CPe^P+^ + \ log e\Y f s^P\l~s\P{l + \\og\l~s\\yds. 
Jo 

The right-hand side vanishes as e ^ 0. For the second term in (j3.50p we find 



re+t 

/ ipeit- s)log\s\ds 
Jo 



i^Ce-^\e + t\{l + \log\e + t\ 



which implies the estimate 

f-e+t 



rt^p 


L 


Jo 





dt 



ipe{t — s) log \ s\ds 

<^ CP e^P+\l + \ log e\Y [ s^P\l + s\P {1 + \\og\l + s\\Y ds. 
Jo 
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Again the right-hand side vanishes for e ^ 0. Consider now t £ {£,L). Then 

rt+e 

/ (fieit- s)\og\s\ds 

<iCe-'\\t + e\{l + \\og\t + e\\)-\t-e\{l + \\og\t~e\\)\, 
with C > some new constant depending on Hfysllioo^R-). We have 
\t + e\{l + \ log \t + - 1^ - £| (1 + I log \t - e\\) 

|i + e| (1 + I log \t + e\\)~\t~e\(l + \ log \t - e\\) - 2| log \t\\. 



supe 

e<t 



lim e 



Therefore we obtain the estimate 



t+e 



ipe{t — s) log \ s\ds 



dt < {2C)P / t^P \ log \t\\P dt. 



The right-hand side is bounded uniformly in e. We obtain 

ti(^£Mt-s)log\s\ds^ —^tl\og\t\ inLL(M). 

Step 5: Finally, let us consider the case of a function R G W^];P{R). By 
Sobolev embedding theorems, the function R G C"(R) for some a G [0, A). We 
have 



t^P 



t^p dt. 



ipe{t — s)R{s) ds 
using Minkowski inequality. The convergence 

tl(^J - s)R{s) ds^ t^Rit) in £f„,(M) 

follows from well-known results on mollification of ij'^^-functions. 

Remark 3.11. A careful inspection of the previous proof shows that the state- 
ment of Lemma [3.10\ is still true for T G {H, Ci, R} and t^^^ . We have 



□ 



sup 

ee(o 



, ["^ t^^~^^P\T,it)\Pdt^c(l + \\R\\ 
1) Jo ^ 



p 



for some constant C > depending on L, and the strong convergence 

tl~^TS)-^tX-^T{t) znif„^(R). 
ForT £ {5,PV} andt^-^ we obtain the hound 

sup eP f t^^-^'>P\T,{t)\P dt «C C 

ee(0,l) -^0 
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for some C > 0. Note the extra factor needed here to control the integral. 
Again the necessary estimates can be adapted easily. We have 



t^P 



t+e 



ipe{t- s)PY{s) ds 



dt eP{2C)P / t'-^^^^Pdt 



< 



{2C)P 



^(A-l)p+l 



i(A-2,p+ir 

instead of p.49p . The right-hand side of (j3.5ip converges to zero as e — > 0. 

Lemma 3.12. Let f{s) = (1 - s^)^ for all s e R. Fix some p E [1, 1/(1 - A)) 
and a standard mollifier ip^ such that spt ip^ C [— e, e] . Then we have 



sup 

£6(0,1) 



f{t){ / p,{t-s)df{s)ds 



^ C 



sup 

ee(o,i) 



fit) (fit- s)p,it - s) D/(s) ds) sc: c(l + hh^iR)) , 



(l + lk-ll 



(3.52) 



in W^i'P(K) (3.53) 



as e 0. This implies strong convergence in C"(]R), for some a £ [0, A). 

Proof. Note first that by Proposition [2111 the derivative df contains Heavi- 
side functions, logarithms and a remainder in W|]^'^( 



with C > some constant. Moreover, we find 

fit) (^J^p,it~s) dfis) ds^ — > fit) dfit) 

fit) (fit- s)^,it - s) D/(s) ds) 



We have 

^ai--s)d/(s)dsj| 

^,it - s) dfis) ds) + fit) ( [ ^,it - s) Bfis) ds 



^ dfjt) ( 

dt V 

for a.e. i e M, where we used p. lip . The derivative of fit) blows up like 

\l-\t' 



|A-1 



as \t\ 1. We apply Lemma [3. 101 and Remark l3.11l to obtain 



iHi 



ipe{t - s) dfis) ds 



dfjt) 
dt 



dfit) + fit) Dfit) iniP(I 



as e 0. The first statement in ()3.53p follows. Similarly, we write 
j^\^fit)(^l^it- s)Mt- s)-Dfis)ds)^ 

= ( J Mt - s) Bfis) ds) + fit) ( I iM),it - s) Bfis) ds ] , 



(3.54) 
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with := tip{t) and VeW := e"V(i/e) for all (s,e) € R x (0,1). We 

apply Lemma 13.101 and Remark 13.111 to obtain the second bound in (I3.52[) and 
convergence in LP{M.) as £ ^ 0. Note that the extra factor e causes the first term 
on the right-hand side of (I3.54p to vanish. For the second term we apply the 
dominated convergence theorem: Since dtip has zero mean, we have pointwise 
convergence to zero almost everywhere. We conclude that 



in LP( 



/ it-s)if,{t-s)-Dfis)ds 



as e — > 0, which implies the second statement in p.53p . □ 
Proof of Proposition \3.7\ Using (|1.9p and (|3.12[) we find the identity 



X{t\a)-Dais\a) - a{t\a)Dxis\a) 

= 9{t - s) x{t\a) Dx(s|a) + 9{X + l)x(i|a) dx{s\a), 



(3.55) 



which holds distributionally in (s, s') e R x M for all a E H. Let us consider the 
first term on the right-hand side. We fix some a £ Ti and integrate against the 
mollifier ip^{t — s). We apply Lemmas 13. 101 and 13.121 and obtain that 



X{t\a)[ / ip,{t - s)dxis\a)ds 



^ Cp{a) 



3ex 



for all C R compact, with C > depending on K and HrHiooj-R-). Recall that 
< 39 X < 7 + 1 for 7 e (1,3). We can integrate against to get 



Xit)[ / ipe{t-s)dx{s)ds 



W^.p{K) 



s; C / W{a)v{da), 



n 



which is finite by assumption on v. Sending e ^ 0, we obtain 



X{t)\ I ipe{t-s)Ax{s)dsjJ^{x{t)dx{t)) locally in C"(R), (3.56) 
for some a e (0, A). We used Lemma [3.121 and Sobolev embedding. Similarly 
X{t\a)\ I {t- s)^e{t- s)T>x{s\a)ds 



W'^'P{K) 



1 



I log /9(a) 



with C > some constant. Since < (3A — 1)9 < 7 + 1 for 7 G (1,3), we get 



X{t)y]^{t-s)^e{t~s)dx{s) ds 
Sending e — > 0, we obtain that 

(x{t)( I {t~s)^,{t~s)Bx{s)ds 



W'^-P{K) 



C \ W(a)v{da). 



H 



locally in C"( 



(3.57) 
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as follows from Lemma [3. 121 and Sobolev embedding. Therefore 

(^xit)'D'^e{t)-<j{t) DxeW) 9{\+l){x{t) dx{t)) locally in (3.58) 

Note that (|3.56p and p.57p are independent of the choice of mollifier: we can 
use (p'^{t — s) instead (see the beginning of Subsection 13.31 for the definition) and 
obtain the analogous convergence as in (|3.58p . with the same limit. 

To conclude the proof of Proposition 13.71 it is now sufficient to notice that 

{Bx'At}) ^ (Dx(i)) weakly-* in (C,"(R))* (3.59) 

(the dual of the space of Holder continuous functions with compact support). 
Recall that the fractional derivative Dx(-|a) contains only Dirac measures, prin- 
cipal value operators, and locally integrable functions (see (I3.19P ). It stays 
bounded uniformly as p{a) — > since A 1 if 7 G (1,5/3], and grows at 
most linearly for p{a) large. Recall that if 7 = 5/3, then the constant A4 in 
(|3.19p vanishes, so the logarithmic term does not matter. We can now integrate 
Dx(-|a) against v, and then (|3.59p follows. The same convergence holds if we 
use the mollifier (pg{t — s) instead. 

For any test function C, G I?(R) we therefore obtain 

lim ^ (x(t)Da^(i) - a(<)DxUi))(Dxe(<))C(i) dt 

= Hj^i^^^^'^"'^^^ ~ a(t)Dxe(i))(DxUO)C(0 dt 

= e{\ + l) f {xmx{t)){-Dx{t))at)dt. 
Jm 

This completes the proof of the proposition. □ 

A Propagation of equi-integrability 

For nozzle flows with A constant, the proof of Proposition 12 . 71 can also be based 
on the following lemma, which shows that for entropy solutions of the isentropic 
Euler equations, equi-integrability of the total energy is "propagated." We 
complement assumptions (i)-(iv) of Section [2.1l bv requiring that 

(v) the sequence (p",u") vanishes uniformly in the large in the sense that for 
each £ > there exists a compact subset X C M with 

sup / (^p"(u")2 + C/(p"))^" dx ^ e. 

n Jr\K ^ ' 

Under this assumption, (|2.3ip of Lemma l2.6l can be improved: With the notation 
used there, we have that for all e > there exist N,R > such that 

sup// s^<S>R{s)xis\z'')dsdx s^e. (A.l) 
Then we have the following result. 



48 



Lemma A.l. Choose a test function Lp £ I'(IR) with ^ (/3 ^ 1, such that 
ip{s) — 1 for \s\ ^ 1 and ip{s) — for \s\ ^ 2. Define ipR :— ip{- / R) and 
4? /J := 1 — ipn. For all T > and all e > there exist R, N > such that 

sup // / s'^<S>R{s)xis\z'")dsdxdt !^e, (A.2) 

sup// \s\<^>R{s)\a{s\z")\dsdxdt iS,e. (A.3) 

n>7V J J[o,T]xR JR 

Proof By (|XT|) . there exist i?,iV > such that 

sup // 2sHn/2is)xis\z'')dsdx^e/T. (A.4) 

n^iV J jRxR 

For this R let ■(/'(s) := 2(s^ — i?^) for aU s G M. Since ip is convex we 

can use this weight function in the entropy inequahty (jl.lip and obtain 

ess sup / / il;{s)xis\z''' {t,x))dsdx / i}j{s) xis\z"-) ds dx (A. 5) 

t>0 JjRxR JRxR 

for all n. On the other hand, we have the following estimate: 
s'^'^B.is) < -0(5) ^ 2s^$fly2(s) for all s e R. 
Combining this with (|A.4[) and (|A.5|) . we find that for all n ^ 

ess sup / / s^$fl'(s) x(s|2;"(i, x)) ds dx < e/T, 

and integrating over [0,T] we obtain (|A.2[) . 
To derive CO|) . we use the estimate 



Isl^flXs) |o-('sN"(i,a;))|dsda; ^ 6* // s^^^Xs) x(s|2"(t, a;)) 
+ (l-^)(^(p"(""f)(i,2:)dxy 



1/2 



.1/2 

s^$fl,(s) x(s|2;"(i, a;)) ds dx 
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for almost every t. The kinetic energy is uniformly bounded by (j2.6p . □ 
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